A continuum version of the car-following Bando model is developed using a series expansion of the headway in terms of the density. This continuum model obeys the same stability criterion as its discrete counterpart. To compare both models we show that traveling wave solutions of the Bando model are very similar to those of the continuum model in the limit of small changes of headway. As the change of headway across the wave increases the solutions gradually diverge. Our transformation relating headway to density enables predictions of the global impact and characteristics of any car-following model using the analogous continuum model. In contrast, we show that the conventional continuum models which account for effects of pressure and dispersion predict behavior which is distinct from the global behavior of discrete models.
I. INTRODUCTION
The purpose of this work is to develop a systematic method for relating car-following and continuum models of road traffic. The relation between these models is of interest since they provide different pictures of the flow, which should converge in the appropriate limit. Continuum models give an overview of the global traffic flow, which is important for developing insight into traffic quantities such as throughput, density distributions, or the onset of jams, without detailed regard to the properties of each car. They can illustrate the effects of speed control systems along the road and allow for analytical calculations. Continuum models differ from car-following models with regard to carrying out simulations. With continuum models one has to deal with two coupled partial differential equations instead of a few hundred or even thousands of ordinary differential equations in the latter case.
Car-following models represent the only class of models that describes each vehicle in a deterministic manner including the response to local variables such as speed, headway, and change of headway. Therefore they seem to be of great importance with regard to autonomous cruise control systems ͑ACCS͒, which should stabilize the flow as well as maximize the throughput. In this paper we follow the Bando model ͓1͔ of road traffic, in which the acceleration of every car is determined by its velocity v n and a desired speed V(b n ) depending on the headway b n to the car in front v n ϭa͓V B ͑ b n ͒Ϫv n ͔. ͑1͒
V B (b n )ϭtanh(b n Ϫ2)Ϫtanh(Ϫ2) is called the optimal velocity ͑OV͒ function and a is the driver's sensitivity, which equals the inverse of the reaction time, say T. This model is able to reproduce various features of road traffic and is the subject of much current research ͓2-4͔. By developing a formal asymptotic procedure we derive the continuum approximation of the car following model, which is valid when the spacing between cars is small relative to the length scale of changes in speed and headway. We then compare this with the continuum model of Kerner and Konhäuser ͓5͔ proposed in the literature. Continuum models have become progressively more complex incorporating effects of inertia and dispersion. Usually one has to deal with two coupled differential equations in terms of the density and the velocity v of the cars in space and time. Besides the equation for the conservation of cars ͑continuity equation͒ t ϩ͑v ͒ x ϭ0 ͑2͒ the system evolves according to a dynamic equation, which describes the acceleration of cars depending on some local traffic quantities. A typical model is the Kerner-Konhäuser model
with an optimal velocity function V KK (). The coefficients c 0 2 of the ''pressure'' term and of the ''viscosity'' ͑disper-sive͒ term, respectively, are considered to be constant. This model is able to describe the formation of instabilities and traffic jams. In discussions ͓6͔ of the derivation of the higher order terms, it appears that the diffusion term was originally introduced as a means of stopping steepening waves forming discontinuous shocks. Nagel ͓7͔ explained the diffusion term as an averaging effect caused by implicit random fluctuations in and v. It has been argued that these noise terms are important, since they can have a profound effect on solutions of certain PDE's. For instance, Burger's equation diffusive behavior is an implicit part of the car-following model. In the case of a homogeneous, stationary flow all time and space derivatives vanish, and for the car-following model we then obtain the relation between speed v 0 and headway b 0
while from the continuum model we have
For such uniform flow conditions, the density is simply given by the inverse of the headway ϭ1/b, ͑7͒
and one can compare both types of model by drawing a fundamental diagram that describes the dependence of the flow q 0 ͑throughput͒ on the headway ͑car-following model͒
or density ͑continuum model͒
In nonhomogeneous, nonstationary situations the carfollowing and continuum models can only be compared by stability analysis and numerical simulations. It is hard to say which terms or effects are responsible for the difference in the simulations. Here we show that the relation between headway and density is of great importance. When there are long range fluctuations in the headway or the density along the road, the usual definition of the density in terms of the headway ͑7͒ is only an approximation. In Sec. II we introduce a more accurate method to relate these variables.
II. DERIVATION OF THE CONTINUUM MODEL
The difficulty of relating car-following and continuum models of road traffic is in part a result of the fact that the first is based on the headway and the latter on the vehicle density. It is important to relate these two quantities correctly. In the literature the density is usually defined as the inverse of headway ͑7͒. There is a problem with this definition. For instance, suppose we have a set of cars positioned at xϭ1,2,4,8, . . . . The car at position x has headway bϭx. Using formula ͑7͒, we obtain ϭ1/x, which is extended into continuum domain by permitting x to take any positive, real value. According to this, the number of cars on the open interval ͑1,y͒ is log e y. However the actual answer is log 2 y and so we are consistently a factor of log e 2 wrong.
We deduce that for nonhomogeneous flow situations we cannot transform the car-following model simply using relation ͑7͒. We need a consistent way to set up a map
where the set ͕x i ͖ represents the positions of the vehicles at a given instant in time, and (x) is the associated density function from which we should be able to find the positions of the vehicles. One approach is to require that
for all i. Thus in addition to our density function, we require the position of car 1. Given only the condition ͑12͒, map ͑11͒ is not unique, but its inverse is. However, it is the inverse map that we require in constructing a continuum equation of motion from a car-following law. We use the definition of headway bϭx iϩ1 Ϫx i to arrive at an equation involving the continuum variable by extending Eq. ͑12͒ to all points along the road
͑xϩy,t ͒dyϵ1. ͑13͒
Expanding the second integral in powers of y, we integrate to obtain the asymptotic series ͓8͔
The first term corresponds to the usual definition of the density ͑7͒. We expand the series to this order for two reasons. First, we would like to obtain a continuum model that is capable of describing some characteristic traffic parameters mentioned by Kerner and Konhäuser ͓5͔. They showed that a dispersive term has to be incorporated to do so. Second, these higher order terms are needed to maintain the same stability criterion for the continuum model as for the carfollowing model, as we show in Sec. III. It is assumed that each term is of smaller magnitude than the one preceding it. This assumption is at the core of continuum approximations of many kinds, and can be summarized by condition
for all scalar quantities ⌳ associated with traffic. It amounts to saying that changes in the flow occur over a length scale of many vehicles. However, even in this case the continuum approach is not applicable to sharp fronts. If we consider the cubic term to be much smaller than the linear and quadratic term, we can first solve the quadratic equation for b. We obtain
.
͑16͒
Regarding the cubic term as a perturbation, we expand b in a perturbation series and approximate the solution as
The first term represents the classic transformation for relating the headway and the density. The second term is similar to a pressure term in gas kinetics and acts to destabilize the traffic flow. If we only retain this term, then the continuum model is always unstable unlike real traffic flow. The dispersive term xx smoothes variations in traffic density and has a stabilizing effect on traffic flow, which counteracts the pressure term. We therefore retain terms up to this order. Equation ͑17͒ can then be substituted into car-following models to yield equations for instead of b.
So far we have established a link between the continuum density and the headway. The other quantity relevant to both continuum and car-following models is the speed v. In order to link the two models completely, we need to establish that now v is consistent with the quantity representing the speed of each vehicle in the car-following models.
Taking a total time derivative of each side of Eq. ͑13͒, we obtain
Hence the conservation equation
guarantees that the integral of density along the road from any vehicle to the vehicle it is following is 1, so in this sense, the definition of velocity v is consistent. Applying our analysis to the second-order model of Bando et al. ͓1͔ in Eq. ͑1͒, we obtain the expression for the conservation of cars ͑22͒, coupled with the approximation of the car-following model
͑23͒
Here we have set
is analogous to the Kerner-Konhäuser model ͑3͒. However, an important difference between that model and the new model ͑23͒ lies in the coefficients of the higher order terms. In the Kerner-Konhäuser model the coefficients are assumed to be constant, while expression ͑23͒ reveals that they actually depend on . c 0 2 is now analogous to the term Ϫ͓aV Ј()/2͔. By comparison with the discrete Bando model numerical simulations show that the dependence of these coefficients on the density is necessary to match the length scale and qualitative behavior of shock wave solutions ͑Sec. V͒. The accuracy increases with further terms of the asymptotic series ͑17͒. Nagel ͓7͔ argues that the diffusion term can be regarded as stochasticity added as a high-frequency correction to density, which is supposed to be slowly varying in space and time. However, our analysis reveals that the transformation from a car-following to a continuum model also produces a diffusive or smoothing effect, without the need to introduce any stochasticity.
III. STABILITY ANALYSIS
Before proceeding with numerical calculations, we first show that the continuum version of the Bando model ͑22͒, ͑23͒ obeys the same stability criterion as its discrete counterpart. Bando et al. ͓1͔ proved that an initially homogeneous flow is unstable, if the relation
between the driver's sensitivity a and the derivative of the OV function V B Ј at the given value of 0 ϭ1/b 0 is satisfied.
The analogous criterion for the continuum model may be found by linearizing the model
This leads to the perturbation equations
͑32͒
We now calculate the eigenvalues (k) of a harmonic disturbance
so that we can rewrite the equations in the form
This equation has nontrivial solutions if the determinant vanishes
As long as the imaginary part of is negative, the system is stable. Solutions have the form
and by defining
the criterion is equivalent to ͉⍀(k)͉Ͻ1. By writing
where
it may be seen that the condition Im()Ͻ0 is equivalent to
In order to solve this inequality, we restrict k to be nonnegative, since ͉⍀(k)͉ is symmetric. Solving ͉⍀(k)͉ϭ1 leads to three solutions
Recall that V ЈϽ0 from Eq. ͑25͒. k Ϫ is always real, whereas k ϩ might be either real or complex. Since we know that ͉k ϩ ͉Ͻk Ϫ , ⍀(0)ϭ1 and
we can deduce from the continuity of ⍀(k) that ⍀(k Ϫ )ϭ Ϫ1. So for kϾk Ϫ the model is unstable, but since this corresponds to disturbances which are smaller than the initial headway, we do not take this case into further consideration. However, if k ϩ is real, there is a region 0ϽkϽk ϩ of instability ⍀(k)Ͼ1 with respect to long wavelengths. If k ϩ R, which means 
Ͻ1. ͑46͒
A stability analysis for the Kerner-Konhäuser model leads to a criterion similar to Eq. ͑38͒. Now the system is stable, if
is satisfied. Taking the limits
This shows that the model is stable for any initial value 0 of the density and arbitrary sensitivity aϭ1/T with respect to short and long range disturbances unlike the continuum analog of the Bando model. However, for the set of parameters chosen ͓see Eqs. the basic difference between these two continuum models.
IV. COMPARISON OF TRAVELING WAVE SOLUTIONS
To test the accuracy of our model, we compare some traveling wave solutions of the car-following Bando model in the stable regime ͓9͔ with those of the continuum version.
The traveling wave of speed c has the form
͑x,t ͒ϭ͑ xϪct͒ϭ͑z ͒, ͑51͒
zϭxϪct, ͑52͒
where the equation for the conservation of cars ͑22͒ yields the relation ͑vϪc ͒ϭq 0 . ͑53͒ q 0 is some integration constant that is determined by the boundary conditions Ϫ ϭ(x→Ϫϱ), ϩ ϭ(x→ϱ), v Ϫ ϭv(x→Ϫϱ), and v ϩ ϭv(x→ϱ), respectively, as follows:
Equations ͑54͒-͑57͒ determine that the wave speed c has value
and so both the variables q 0 and c are uniquely determined by the values of at Ϯϱ. If we substitute these relations into our model equation ͑23͒ and make the following transformation u͑z ͒ϭv͑ z ͒Ϫc, ͑59͒
we obtain the equation for the speed of cars u in the frame moving with the wave in the form
͑60͒
Throughout the remaining parts we assume aϭ2.0 in order to be in the stable regime. The wave that develops from the initial condition shown in Fig. 1 is shown in Fig. 2 evolving towards the wave solution of the continuum model ͑60͒. As the initial jump in headway increases, the wave develops an oscillatory tail. Because of the increasing of headway gradients, the solution governed by the continuum model begins to diverge from its discrete car-following counterpart, although the length scale and the oscillatory characteristic of the wave are still described properly ͑Fig. 3͒. If the downstream headway in the car-following model is decreased below some critical value ϩ ϭ bw , an unusual type of nonlinear wave solution develops ͓9͔, ͓10͔. It consists of two traveling waves of different speed, separated by a growing region of congested traffic of density gap . We may call this a Bando wave. Given gap , which can only be determined numerically, we can calculate traveling wave solutions in the analogous continuum model for both up-and downstream propagating shocks. They may be matched together to describe the unusual wave type, if one knows the long-time behavior of the gapwidth. We assume that in this limit the gap will increase at a constant rate v gap which can be calculated from the continuum model according to
Here c down and c up represent the downstream and the upstream wave velocity, respectively. Both parameters can be determined following Eq. ͑58͒ 
The gapwidth d gap then has the long-time form
where t initial is the time offset associated with the development of the waves. Once more it can only be estimated by numerical solutions of the car-following model and comparison ͑Figs. 4 and 5͒ suggests that t initial ϷϪ189.78. For the set of parameters
we find from the numerics the gap density to be gap Ϸ1.303 ͑66͒ and the gap speed from the continuum model
This corresponds very well with the slope of the curve in Fig. 5 . We are now able to compare the Bando wave and the two individual traveling wave solutions of the continuum model in the same graph ͑Fig. 6͒, which shows a very good agreement. We conclude that our continuum model is a very good approximation to the discrete car-following Bando model ͑1͒.
V. COMPARISON WITH THE KERNER-KONHÄ USER MODEL
Next we show that the transformation ͑17͒ is crucial in order to derive a continuum model that is qualitatively analogous to the underlying car-following model. To this end we compare predictions of our model with those of a previously published continuum model and the corresponding carfollowing model. Herrmann and Kerner ͓11͔ investigated the similarities between their continuum model and a carfollowing model that is also based on a relaxation term. They considered in greater detail cluster effects in both models by examining traffic jams in a Bando type model
and comparing the predictions to their own continuum model
In both cases they chose the same OV function 
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V kk ͑ ͒ϭv 0 ͫͩ1ϩexp
The top speed of cars is defined as v f ªV kk (0 For unstable flow these two models may seem to describe the same qualitative type of moving structures such as densesparse regions. However, if we examine the stable regime, we find that these models are actually not equivalent. For comparison Fig. 7 shows how the Kerner-Konhäuser model cannot match the length scale of a jump in headway of a traveling wave predicted by the car-following model ͑68͒.
Even for the same driver reaction time Tϭ0.985 s the model predicts a much more extensive region of adjustment in order for the headway to decrease to bϭ40 m. The calculations are carried out by substituting Eq. ͑53͒ into Eq. ͑70͒ to obtain the traveling wave equation analogous to Eq. ͑60͒
We now compare solutions of this ODE and the carfollowing model ͑68͒ to those of our continuum model ͑60͒ with an OV function as in Eq. ͑73͒ and parameters as in Eqs. ͑74͒-͑78͒. Our model predicts oscillatory behavior in contrast to the car-following model, but significantly it predicts the same length scale ͑Fig. 8͒. This arises from the dependency of the coefficients of the higher order terms on either the density ͑23͒ or the velocity ͑60͒. This dependency does not occur in conventional continuum models, but it could well be an intrinsic feature of a delay differential equation as recently proposed by Nagatani ͓12͔, ͓13͔. In order to derive a modified Kortweg-de Vries equation for the jamming transition in a continuum model he used a simplified version of the Kerner-Konhäuser model
with the OV function V()ϭV B (1/) of the Bando model ͑1͒. He simplifies it in the sense that he drops the pressure and the dispersive terms of the original model. On the other hand, the anticipation is now incorporated in a nonlocal term (xϩ1). In this model that is dimensionless in space the average headway b av is supposed to be of order one (b av ϭ1). The idea is that a driver adjusts his velocity according to the observed headway b(x)ϭ1/(xϩ1). Even though this is not the correct relation between headway and density as shown above we proceed to derive the corresponding ordi- nary differential equation for the traveling waves. Nagatani couples the dynamic equation to a continuity equation of the form
In case of a traveling wave the transformation ͑50͒-͑52͒ enables integration of Eq. ͑88͒ to give ͑ 0 vϪc ͒ϭq 0 . ͑89͒
Inserting this relation into Eq. ͑87͒ yields
Since this is a delay differential equation it is not straightforward to compare it to our model ͑60͒. In general a delay differential equation cannot be solved by a Taylor expansion and its truncation after a certain amount of terms. Nevertheless in order to have similar equations the first terms of the Taylor expansion should be similar. If we keep terms up to first order in VЈ
we obtain a corresponding second order model
that differs not only by its expansion terms but also by the nonlinear terms aw 3 /c 2 and aw 2 /c. Hence the class of solutions differs also from our model. Nevertheless the expansion ͑93͒ shows that a dependency of the coefficients of the pressure and dispersive terms on the density is an intrinsic feature of this model. But it is not an analogous model of the Bando model.
VI. TRAVELING WAVES IN THE UNSTABLE REGION
The correspondence of the traveling wave solutions of both the continuum and the car-following model cannot be generalized to all values of the sensitivity parameter a. The line
defines a region SB in the headway-sensitivity diagram in which the model is linear unstable ͑Fig. 9͒. For aу2 the model is linear stable and the traveling wave solutions with the specific initial condition b Ϫ ϭ3.0 and b ϩ Ͻb Ϫ can be divided into two regions. In region A the traveling wave solutions are linear stable unless the downstream value b ϩ hits the critical value b crit when Bando waves form. This type of wave as described above occurs in region B. The two traveling waves with a growing region of a specific headway b gap in between are stable.
Keeping the upstream and downstream headway fixed and varying a, the traveling wave solutions eventually become unstable for sufficiently small values of a. Formally we still obtain solutions from the ODE ͑60͒ so that b crit can be derived. But whether a particular solution is stable or unstable depends on the values of the headways which are involved. If the upstream and downstream headways are not part of the region SB and the adjustment does not consist of an oscillatory overshoot that intersects SB, then the solution is linear stable and can be reproduced by the car-following model with corresponding initial conditions as presented above.
On the other hand, the solution is unstable if these conditions are not fulfilled. Figure 10 shows how an initial jump in headway evolves with time in the car-following model. After tϭ50 the solution is very similar to those of the continuous counterpart ͑60͒ but eventually it becomes unstable and the typical cluster forms. For given a the solution eventually jumps between two headways. Their values can be read from the graph b cl in Fig. 9 . Whether traveling waves of the region C, the corresponding region of A in the unstable regime, are stable or not has to be investigated in every single case. If either the upstream or downstream headway is part of the region SB, then the solution is clearly unstable and develops towards the corresponding cluster solutions. For b Ϫ ϭ3 and b ϩ տb crit the solutions turn out to be generally unstable for aϽ2.
The rich structure of the stability of traveling waves is part of future research.
VII. ASYMPTOTIC SOLUTIONS
So far we have considered traveling wave solutions of the Bando model, its continuous counterpart, and the KernerKonhäuser model. The first two showed a very good agreement for a number of different steady traffic situations. It is also of interest to examine the dynamic case of a nonstationary wave solution. This can be done in certain regimes, because in some special cases the higher order terms of dynamic equations of the form
do not play an important role and can be neglected. The traffic flow is then uniquely determined by the driver's sensitivity a and the optimal velocity function V() combined with the equation for the conservation of cars ͑22͒.
As an example one might consider an initial disturbance in the ͑car-following͒ Bando model ͑1͒ as in Fig. 11 . Here, a region of slightly higher congested traffic is situated in between a homogeneous flow. As time increases, one ends up with a wave solution shown in Fig. 12 . The headway overshoots the initial disturbance by a shock and eventually readjusts to the original headway. The jump in headway decreases with time, and a dispersive tail forms. As can be seen from the graph, there is a ''stationary point'' K 0 along the road, where the solutions intersect until the downstream propagating, nonlinear shock front passes this point.
This effect can be explained in a very simple continuum model, similar to that of Lighthill and Whitham ͓14͔, which is based on the conservation of cars by substituting the stationary relation q͑ ͒ϭV͑ ͒ ͑96͒
between the flow and the density for q to obtain
This model does not incorporate inertia. By use of the method of characteristics it turns out that regions of density travel with speed
which is equivalent to the slope of the tangent in the fundamental diagram in Fig. 13 . K 0 is therefore simply the maximum 0 of this curve, where the speed of the density wave vanishes. To explain the other features, we start with the higher order continuum model ͑23͒. First we simplify the wave profile by piecewise linear solutions, which model a triangle evolving in space and time as shown by Fig. 14 
Two equations have to be balanced. Apart from the conservation of cars, there is also the dynamic equation
͑102͒
By substituting Eqs. ͑100͒ and ͑101͒, it is seen that the relaxation term a͓V ()Ϫv͔ dominates all the other terms as t→ϱ and x→ϱ, because they incorporate time and space derivatives. Therefore this term has to vanish exactly, leading to
␣ϭ␥, ͑104͒
␤ϭ␦. ͑105͒
Equation ͑103͒ can be substituted into the conservation of cars ͑97͒, which leads to Eq. ͑98͒. A Taylor expansion of V () around some value 0
͑dash equals derivative with respect to ) analogous to the asymptotic expansions ͑100͒ and ͑101͒ gives us
͑107͒
Near the maximum 0 of the flow, the first derivative vanishes, and a possible balance can be extracted from
as ␣ϭ1, ␤ϭ1, and 1 ϭ 1
Now the density around the flow maximum becomes
and the velocity
The headway is given by b͑x,t ͒ϭb 0 ϩb ͑ x,t ͒ ͑115͒
This corresponds to an increasing velocity and headway, respectively, which is consistent with the graph. To compare the asymptotic solution ͑117͒ with the numerical data from the car-following model, we place the origin in Fig. 12 at the stationary point K 0 where the pulses intersect and take the data from xϭ200. The dependency on x is obviously linear, but the inverse time relation as well as the coefficient 1 have to be checked. Figure 15 shows a very good agreement between both these data, so that we can regard the tail as been understood. What remains is the movement of the shock. But here one more look onto the fundamental diagram gives a qualitative explanation. Two successive jumps in headway are drawn in Fig. 14 
͓where is the change of the tail and ‫ץ(‬ /‫ץ‬x)c() is the change of the shock front͔. This system of coupled differential equation describes the motion of the shock along the road. It is easy to see that it must turn around at a point when ẋ ϭc͑ ͒ϭq Ϫ Ϫq͑ ͒ϭ0, ͑121͒
and eventually it passes by the stationary point K 0 . The features of traffic flow described in this chapter can be described by a simple continuum model, in which the length scale of evolution of the flow is long compared to 1/a, the relaxation required by traffic to adjust to the optimal velocity OV. Hence, the flow is accurately modeled by assuming that it has the optimal velocity.
VIII. CONCLUSION AND OUTLOOK
We derived a continuum model from a second-order carfollowing ͑Bando͒ model by using an integral representation of the headway. This enables us to transform the headway and the velocity consistently by using an asymptotic approximation for the headway in terms of the density. For carfollowing models of the Bando type, including an optimal velocity function V, we gave a general expression of the equivalent continuum model, even though the transformation allows for any model to be transformed into its continuous counterpart. In the case of the Bando model ͓1͔ the continuum version obeys the same stability criterion as the discrete counterpart. Numerical simulations of the Bando model predict the formation and evolution of traffic shocks. These are well modeled by traveling waves using our continuum model provided the gradients are moderate.
The transformation to the continuum model delivers a powerful tool for traffic simulations. To calculate the traveling wave solutions on a straight road the programs for the Bando model simulations required about 4 h ͑2000 cars, stepsize ⌬tϭ0.005, simulation time tϭ2000; Pentium 233 MHz͒ according to 2000 coupled differential equations, whereas the solution of the ODE's ͑60͒ or ͑86͒ took just about 5 s. In addition the continuum model allows for simple estimations of overall traffic quantities. Some features of the autonomous cruise control systems ͑ACCS͒, whose algorithms for the regulation of headway are often based on dynamic equations similar to the Bando type ͑1͒, may be investigated in a continuum manner. 
